Abstract-Load-balanced switches have received a lot of attention lately as they are much more scalable than other existing switch architectures in the literature. One of the most salient features of load-balanced switches is its simplicity of implementing deterministic and periodic connection patterns for the switch fabrics. In particular, for an N × N load-balanced switch, its switch fabric only needs an N × N rotator that is capable of realizing all the powers of the circular shift permutation. In this paper, we consider the problem of incremental update of the number of linecards in load-balanced switches. 
I. INTRODUCTION Load-balanced switches (see e.g., [2] , [8] , [7] , [6] , [3] ) have received a great deal of attention recently as they are much more scalable than other existing switch architectures in the literature. A typical load-balanced switch (see Fig. 1 ) consists of two stages: the first stage is for load-balancing that converts incoming traffic into the uniform traffic, and the second stage is for switching of the uniform traffic. By so doing, it was shown in [2] that such a switch architecture indeed provides 100% throughput (under a mild technical condition for the incoming traffic).
One of the most salient features of load-balanced switches is that the connection patterns in the switch fabrics of both stages are deterministic and periodic. Specifically, for an N ×N loadbalanced switch, its switch fabrics only need to realize in every period of N time slots any N N × N permutation matrices P 1 , P 2 , . . . , P N that satisfy
where e is the N × N matrix with all its elements being 1. In the literature, there are two well-known conditionally nonblocking switches, the N × N rotator (that implements all the powers of the circular shift matrix) and the N × N symmetric TDM switch, that can be used for generating the needed connection patterns in (1). Keslassy, Chung, and McKeown [7] studied the problem of incremental update of the number of linecards in loadbalanced switches. To solve the incremental update problem for an N × N load-balanced switch, it is required that the switch is capable of emulating any p × p load-balanced switch for 2 ≤ p ≤ N , where p is the number of linecards placed in the N × N load-balanced switch. Instead of using the three-stage approach in [7] , we are interested in finding a "universal" N × N switch (fabric) that solves the incremental update problem. Clearly, either an N ×N crossbar switch or an N × N Benes network [1] can be used as the universal N × N switch because they both are (rearrangeable) nonblocking switches that can realize all the N ! permutations. However, the construction complexity of an N × N crossbar switch (in terms of the number of crosspoints) is O(N 2 ) which does not scale well and thus prevents it from being used for large N . On the other hand, the lack of self-routing property in the N × N Benes network makes it difficult to find routing paths for realizing an N × N permutation. In our recent paper [11] , we proposed a new class of multistage interconnection networks, called twister networks. We showed that twister networks possess the self-routing property and they can be used as the universal switch for the incremental update problem in loadbalanced switches.
In the paper, we go one step further by showing that the classical banyan networks (see e.g., the books [14] , [9] , [4] ) M load-balanced switch that is capable of providing incremental update of the number of linecards.
This paper is organized as follows. In Section II, we introduce the degenerated banyan networks and prove their conditionally nonblocking properties. In Section III, we show how one can use degenerated banyan networks as rotators and symmetric TDM switches. The paper is then concluded in Section IV, where we address possible extensions of our work.
II. DEGENERATED BANYAN NETWORK
In this section, we introduce degenerated banyan networks.
is the k th least significant bit of x. Note from the binary representation that In Fig. 2 , we show a 4 × 4 degenerated banyan network. In such a network, there are three stages with four nodes in each stage. Node 1 at the 0 th stage has the 2-bit binary representation (1, 0). It is connected to node 1 at the 1 st stage with the 2-bit binary representation (1, 0) and to node 3 at the 1 st stage with the 2-bit binary representation (1, 1). We note that an N × N degenerated banyan network is in fact a classical 2N ×2N banyan network with only half of the inputs and outputs. To illustrate this, we show a 8×8 classical banyan network in Fig. 3 , where each node (switch) consists of two input links and two output links. By using only the first N 
A. Routing Path
In a 2 M × 2 M degenerated banyan network, a routing path from an input node i to an output node o can be simply described by the In the following definition, we specify a unique routing path in a 2 M × 2 M degenerated banyan network for each pair of input/output nodes that will be used in this paper. 
Note that from (2), we have
It is clear that the M -bit binary representations of nodes v j−1 and v j can only differ in the j th most significant bit for all j = 1, 2, . . . , M, and it then follows from Definition 1 that the routing path specified in (2) is a feasible path in the degenerated banyan network. Furthermore, as
We note that the routing path defined in (2) is exactly the same as the routing path in the classical banyan network, where the k th most significant bit is swaped from the binary presentation of the input node to that of the output node at the k th stage.
B. Conditionally Nonblocking Properties
Like a switch or a switching network, a connection matrix
sub-permutation matrix that specifies the connections from a subset of its 2 M input nodes to a subset of its 2 M output nodes. The routing paths specified by a connection matrix is said to be link-disjoint (resp., node-disjoint) if all the routing paths from the input nodes to the output nodes specified by the connection matrix do not share a common link (resp., node). In the switching context, one can view each node as a switch and a connection matrix with link-disjoint routing paths is said to be realizable (or feasible) as there are no conflicting links. On the other hand, a connection matrix with node-disjoint routing paths is sometimes said to be crosstalk-free as the crosstalk problem can be alleviated by allowing only one active input link in each switch (see e.g., [13] , [15] , [12] , [5] and references therein). Clearly, a 2 M × 2 M degenerated banyan network cannot realize all the 2 M × 2 M sub-permutation matrices. As we will show later, it can realize a set of sub-permutation matrices that satisfy a certain condition. Such a property is called the conditionally nonblocking property in the literature [9] , [10] , and thus degenerated banyan networks can be used as conditionally nonblocking switches.
For the proof of the conditionally nonblocking property, we first introduce the N -modulo distance as defined in [11] .
Definition 3 The N -modulo distance d N (i, j) between two integers i and j is defined as
The distance can be alternatively defined as
One can easily see that the two definitions above are equivalent. In the special case that 0 ≤ i, j ≤ N − 1, (4) can be rewritten as
As discussed in [11] , the N -modulo distance d N (i, j) is simply the length of the shorter arc between nodes i and j on the circle of circumference N when we place all the N input nodes (and output nodes) on a circle.
The following properties for the N -modulo distance are shown in [11] . To simplify the notation, we say that i = N j if i mod N equals j mod N .
Property 4 Let i, j and k be all integers.
(
In the following theorem, we show conditionally nonblocking properties for a degenerated banyan network. The proof of Theorem 5 is given in the Appendix.
Theorem 5 Consider an N × N degenerated banyan network with N = 2
M . 
(i) If the connection matrix has the property that
for arbitrary two input/output pairs (i 1 , o 1 ) and (i 2 , o 2 ), then the routing paths are link-disjoint.
In comparison with twister networks in [11] , we note that the condition in (7) is weaker than d
in Theorem 11 (with γ = 2) of [11] . Thus, degenerated banyan networks can realize a richer class of connection matrices than those specified in Theorem 11 (with γ = 2) of [11] . This includes rotators and symmetric TDM switches discussed in the next section.
Banyan networks have been studied extensively in the literature (see e.g., the books [14] , [9] , [4] ). There are also many conditionally nonblocking properties for banyan networks. In particular, the condition in (6) is known as a circular expander in [9] , and all the routing paths in a banyan network are linkdisjoint under (6) . By using only half of the input/outputs in banyan networks, degenerated banyan networks go one step further by ensuring all the routing paths to be node-disjoint under (6) . Moreover, the condition for link-disjoint routing paths in degenerated banyan networks is relaxed to (7).
III. ROTATOR AND SYMMETRIC TDM SWITCH
As mentioned in the Section I, our objective is to show that a degenerated banyan network can be used as a universal switch (fabric) that can provide incremental update of the number of linecards in a two-stage load-balanced switch. For this, we formally define two kinds of switches that are commonly used as the switch fabrics for load-balanced switches. First, an N × N permutation matrix P = (p ij ) is called a circular shift matrix if
where
Definition 6 (Rotator) Let P be the N × N circular shift matrix as defined in (8) . An N ×N switch (or switching network) is called a rotator if it can realize the N permutations, P n , n = 0, 1, 2, . . . , N − 1.
Note that each input/output pair (i, o) for the permutation matrix P n satisfies o = N (i + n).
It is easy to see that the condition in (1) is satisfied for the N permutations in an N × N rotator and the N permutations in an N × N symmetric TDM switch. As such, they both can be used as the switch fabric for load-balanced switches. 
Thus, we have
From Property 4 (viii) and (iii), it follows that
and the result then follows from Theorem 5 (i).
For the N permutation matrices specified by an N × N symmetric TDM switch, we also have for any two input/output pairs (i 1 , o 1 ) and (i 2 , o 2 ) that
From Property 4 (viii), it follows that
The rest of the proof then follows the same argument for a crosstalk-free N × N rotator.
As commented immediately after Theorem 5, degenerated banyan networks can realize a richer class of connection matrices than those specified in Theorem 11 (with γ = 2) of [11] for twister networks. In [11] 
Here we adopt the same placement rule for the p linecards in a 2 M × 2 M degenerate banyan network. Note that the gap between the placement of two consecutive linecards is either 2 M −m−1 or 2 M −m . Thus, the maximum gap between two consecutive linecards is exactly twice of the minimum gap between two consecutive linecards. Following the same argument as in Theorem 14 of [11] , one can show (the detailed proof is omitted here due to space limitation) that for any two input/output pairs (i 1 , o 1 ) and (i 2 , o 2 ) specified by any p × p permutation of a p × p rotator, the corresponding input/output pairs (f (i 1 ), f(o 1 )) and (f (i 2 ), f(o 2 )) in the 2 M × 2 M degenerate banyan network satisfies
|, the condition in (7) is satisfied and the 2 M × 2 M degenerate banyan network can be used as a p × p rotator. The argument for a p × p symmetric TDM switch is similar. The result is stated in the following theorem. As commented in [11] , such a placement rule also allows one to incrementally update the number of linecards in a 2 M × 2 M degenerated banyan network without repositioning the existing linecards. Specifically, suppose that there are
Theorem 9 Consider a

